Kleinian groups of small Hausdorff dimension 
are classical Schottky groups. I 



Yong Hou 

dedicated to Ying Zhou 



Abstract 

It has been conjectured that the Hausdorff dimensions of nonclas- 
sical Schottky groups are strictly bounded from below. In this first 
part of our works on this conjecture, we prove that there exists a 
universial positive number A > 0, such that any 2-generated Kleinian 
groups with limit set of Hausdorff dimension < A are classical Schottky 
groups. 

1 Introduction and Main Theorem 

Let H 3 be the hyperbolic 3-space. A subgroup T of PSL(2,C) = Iso(H 3 ) 
is called a Kleinian group if it is discrete. Let x G H 3 . The orbit of x 
under action of T is denoted by Tx. The limit set Ar of T is denned as 
Ar = Tx fl dM 3 . By definition, Aq is smallest closed T-invariant subset of 
dM 3 . The group T is called second kind if Ar 7^ dM 3 , otherwise it is said to 
be first kind. The set fi r = dB 3 - A r is the region of discontinuity, and T 
acts properly discontinuously on fl r . 

Let {A 1; A[, Afe, A' fc } be a collection of disjoint closed Jordan curves 
in the Riemann sphere C and Di, D\ the topological disk bounded by Aj 
and A^ respectively. Suppose we have C PSL(2, C) such that 7i(Aj) = 

A^ and ji(Di) Pi D[ — 0, then the group Y generated by {71,.. -,1k] is a 
free Kleinian group of rank-fc, and V is called marked Schottky group with 
markings {71, 7^}. A finitely generated Kleinian group V is called Schottky 
group if its marked Schottky group for some markings. If there exists a 
generating set {ji, 7^} such that all Aj, A^ can be taken as circles then it is 



called a marked classical Schottky group with classical markings {7$, ...,7^.}, 
and {71, ...,7^} are called classical generators. A Schottky group T is called 
classical Schottky group if there exists a classical markings for T. For a 
Schottky group T, the manifold H 3 /r is homeomorphic to the interior of a 
handle body of genus k. We denote by 3fc the set of all rank-A; Schottky 
groups, and 3fc,o the set of all rank-A; classical Schottky groups. One simply 
way to topologies into a topological space is by identify it with the space 
of moduli for Riemann surface of genus k. It is known that not all Schottky 
groups are classical Schottky groups, in-fact the space of classical Schottky 
groups is not even dense in the space of Schottky groups [H] , also see [9] . 

In [9], Peter Doyle proved that there exists a universial upper bound for 
all finitely generated classical Schottky groups. It was originally Phillips 
and Sarnak in [16] proved that there exists a universial upper bound for all 
classical Schottky groups of dimension greater than 3. Hence, our result can 
be considered as a converse to these results. 

Let Dr denote the Hausdorff dimension of Ap. Our main result is, 

Theorem 1.1. There exists a universial A > 0, such that any 2- generated 
Kleinian group V with Dr < A is a classical Schottky group. 

Note that our result can be viewed as the converse of the result by Doyle 
[9J and Phillips and Sarnak [16]. 

We prove Theorem 11.11 by using result of [12j,and an selection process of 
generators. The proof is divided into three main steps. 

To lead up to the proof, we first do some preliminary estimates on the 
locations of the fixed points of a generating set of a given Schottky group. 
These estimates gives us a sufficient control of how the fixed-points-set of a 
set of generators change in terms of the Hausdorff dimension of the limit set 
of the group. The main ingredient of the proofs of these estimates relies on 
the result of [12] , Theorem 1.1 rewritten in the trace form. 

Next we obtain an set of sufficient conditions for any given sequence of 
Schottky groups to contain a subsequence of classical Schottky groups in the 
unit ball hyperbolic space. These conditions are stated in the upper-half 
space hyperbolic model. The idea is that in the unit ball model of hyperbolic 
space if the radius of isometric circles of the generators decreases sufficiently 
faster than the reduction of the gaps between any of the fixed points of the 
generators then it will eventually becomes classical generators. This is done 
by first transform the generators, with one of the generator (in the proof 
we take this generator to be the one of shortest translation length) put into 
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vertically passing through the origin with fixed points north and south poles, 
and then these generators are projected into upper-half space. 

In the first step of the proof, we consider Schottky subspaces of the Schot- 
tky space that are consists of Schottky groups V for which there exists a 
generating set Sr for T with the set of fixed points of Sp on the boundary 
sphere on the unit 3-ball hyperbolic space are mutually bounded away by 
a given constant Z > 0. In this step we prove that Theorem 11.11 holds for 
these Schottky subspaces. This is proved via contradiction. Suppose T n is 
a sequence of nonclassical Schottky groups in the subspace with Hausdorff 
dimension of Ap n decreasing to 0. The idea is that we first transform these 
generators of the generating sets Sp n into the standard form with the gener- 
ator of Sp n of shortest translation length put in vertically. If no generator of 
Sp n is of bounded translation length when Dp n — > then its easy to see it 
will lead to a contradiction. On the other hand, its a simply corollary of [12] 
that there can exists at most one generator of bounded translation length 
per Sp n when Dp n — >• 0. If such a generator do exists, then we first make 
a careful change of generators which will be constructed based on estimates 
that its fixed-points set will be "minimally excluded" from isometric spheres 
of the generator of bounded translation length. Working with these gen- 
erating sets we will show that with appropriate additional transformations 
and changes the generators with translation length that is not bounded will 
always grow sufficiently fast to lead to disjoint isometric spheres and is also 
disjoint from rest of isometric spheres of other generators. One of the crucial 
tool in estimating this growth is the strong form of the inequality of [12J. As 
we will show that when one of the generator is of bounded translation length 
then it will force the needed growth for the rest of the generators. And with 
appropriate choice of generators this will lead to a classical Schottky groups. 

The second step, we prove that on the nonclassical Schottky space there 
exists a universal lower bounds for Dp + Zp. Essentially means that we can 
not have simultaneous arbitrary small of Hausdorff dimension and minimal 
gaps of its fixed-poins set on the space of nonclassical Schottky groups. This 
is proved using generator selection and result of step one. 

In the last step, we prove that when Dp is taken sufficiently small then 
T can be taken as Schottky group. This is based on basic topological argu- 
ments and some well known results on Kleinian groups. Although we proved 
(easy standard topological argument) that all sufficiently small Hausdorff di- 
mension of the limit set of an finitely generated Kleinian group is a Schottky 
group, but as Dick Canary pointed out that its simpler in the 2-generated 
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case based on the result of Peter Shalen which assures that any 2-generated 
Kleinian group is either free or confinite volume. 

The paper is organized as follows: Section 2, we state a strong form of 
Theorem 1.1 given in [12] for two generators, which we shall use for selecting 
generators. Section 3, for a given sequence of Schottky groups T n with bounds 
on Zy (see section 3), we prove inequalities that will enable us to control fixed 
points of a given sequence of generators of T n in relation to the Hausdorff 
dimensions D n of T n . These well be used in the selection processes. Section 4, 
a sufficient condition for a given pair of generator to be classical generator is 
proved which we will use in our generator selection process. Section 5, we will 
use this in our generator selection process and prove that Schottky groups 
with small D n and bounds on Z r are classical Schottky groups. Section 6, we 
prove result that will remove the bound condition on Zy- Section 7 completes 
the proofs of our main theorem. 

2 Free Group Actions 

Given a Kleinian group T, the critical exponent of T is the unique positive 
number Dy such that the Poincare series of T given by gr e -sdlst ^' 7a: ^ is 
divergent if s < Dy and convergent if s > Dy- If the Poincare series diverges 
at s = Dy then T is said to be divergent. Bishop- Jones showed that Dy < 3)r 
for all analytically finite Kleinian groups T. In- fact, if T is topologically tame 
(H 3 /r homeomorphic to the interior of a compact manifold-with-boundary) 
then Dy = £>r- The critical exponent is a geometrically rigid object in the 
sense that decrease in Dy corresponds to decrease in geometric complexity. 

Next we state the following theorem in [12], which provides the relation 
between the group action and the critical exponent. 

Theorem 2.1 (Hou[12]). LetT be a free Kleinian group of rank-k with free 
generating set S, and x G H 3 then 



Inparticular we have at least k—1 distinct elements {7ij}i<j<fc-i of S that sat- 
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The following is a useful corollary of Theorem 12.11 stated here for the case 
of T is a free group of rank-2. 

Corollary 2.2. Let S = {71,72} be a generating set for a free group T. Let 
x G H 3 . Then 

distfx, 7 2 x) > log ( n .. : - 

Corollary 2.3. Let S = {71,72} be a generating set for a free group T. Let 
x G H 3 . Assume dist(x, 71X) > dist(x, 7 2 x). Let m be any integer. Then at 
least one of the element^' of S' = {7^72, 7i l+1 7 2 } satisfies dist(x, 7'x) > 
\og3/D r . 

For a loxodromic element 7 G PSL(2, C) we denote the axis of 7 in H 3 by 
a 7 . Define j3g the axial- distance function of a finitely generated purely loxo- 
dromic T C PSL(2, C) with generating set S as (3s '■= max 7ii7j£l 5 dist(a 74 , a 7i ). 
Next proposition although is not used subsequently, but is of interest in its 
own right. The proof is trivial. 

Proposition 2.4. Let iGi 3 . Let R > be any positive real numbetr. Let 
r be a finitely generated free purely loxodromic Kleinian group. Then there is 
a free generating set S such that min 7ei5 dist(x, 72) > log3/Dr o,nd [3s < R- 

Corollary 2.5. Let S = {71, 7ft} be a generating set for a free group T. Let 
x G H 3 . Assume there is 7$ G S,i 7^ 1 snc/i that dist(a;, jix) > dist(x, jtx). 
Then there exists some {ai}^ =2 nonnegative integers with J2i a i — 1 suc ^ ^at 
every elements 7' of the generating set S' = {71, 7i 2 7 2 , 7i fc 7fc} satisfies 
dist(x, j'x) > log3/Z^r- 

3 Trace, Fixed Points and Hausdorff Dimen- 
sion 

In this section we study the relation of fixed points of a given free generating 
set of a free Kleinian group with Hausdorff dimension of its limit set. What 
we like to do is to find a relationship of the distribution of fixed points of 
one generator in terms of the growth of the other generators and Hausdorff 
dimension of its limit set. By having this type of relations we will be able to 
construct new set of generators from the given generating set with prescribed 
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distribution of its fixed points. The new set of generators will be a crucial 
ingredience in the proof of our theorem. 

We will assume the following throughout this section. Set D n = Dr n . Let 
{T n } be a sequence of purely loxodromic free group with D n — > generated 
by a n , P n G PSL(2,C) in the upper space model H 3 with a n = ( A Q n A °i), 
|A n | > 1. Set (3 n — ^). Set the notation, r\ n — — ^, ( n — ^. In general, 
for a given Mobius transformation g with fixed points 7^ to 00. we set the 
following notations throught rest of the paper. 

Notation 1. we set the following notations throught rest of the paper. 

• yi g the radius of its isometric circles. 

• {z g i,z gu } and are the two fixed points of g in C, with 
\ z g,i\ ^ \ z g,u\ an d z g,± given by quadratic formula with subscripts ± 
corresponds to ±A/tr 2 (g) — 4. 

• C g is the axis of g. 

• T g is the translation length of g. 

Set Z Pn := min{|^„ - z 0n ,+ \, M Trr!}, and 

^<a„,/3„> : = min {^/3„, k/3„,+ |, k/3„ ,-|, \ z f3n,+ \ ) 1^,-1 1 }- 

For e > 0, we say that Zr > e, if there exists a generating set < a, (3 > of T 
such that 2'< Q , / g> > e. 

We assume throughout this section that there exists M, A > such that 
Z <anA> > A > and T an < M for all n. 

In the following, denote by k n , l n to be any integers that satisfies the 
constraint: T an k n ,T an i n < M. 

Given any two sequences of real numbers {p n ,q n }, we use the notation 
Pn x Qn iff, there exists a > such that, a -1 < liminf — < limsup — < o. 

First we will state Corollary 12.21 in the trace form. The proof is stright 
forward and is left as a exercises for the reader. 

Proposition 3.1. There exists p > depends on A, such that 

\tr{p n )\>p 



|\ \2D n 
\ n\ 


+ 3 


\\ l 2D « 
1 n- 1 


- 1 
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for large n. 

Notation 2. Given sequences {p n }, {Qn} of numbers we write: 

\Zgn,± ~Pn\ < Qn 

if there exists N such that for each n > N we have one of the following holds, 
(i) 



Pn\ < Qn 



(ii) 



\ z gn,— Pn\ < Qn 

Lemma 3.2. There exists constant p > such that, 



+ 



< 



tr(/3n)||AJr 



for large n. 



Remark 3.3. Lemma 13721 is a estimates of how fast the fixed points converges, 
its not important to our applications in this paper that which fixed point con- 
verges to 7] g and which converges to ( g for a given g 6 PSL(2, C). However a 
more precise statement of Lemma [3721 which dichotomizes the above inequal- 
ity for large n would be: 



(i) y/ti 2 (afr p n afy) = tT{afr/3 n afc] 



Z o& n P n afc,+ C 



n 



< 



P 



tr(/3 n )||A^- fe " 



+ 



< 



tr(/3„)||A^ 



Corollary 3.4. For any 5 > t/iere exists e > suc/i tnat «/D n < e then, 



+ 



<5(\\ n \ 2 -l). 



The same conditions for dichotomy decomposition of the inequality as given 
in Remark \3.3\ . 
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Proof. Let us assume that a/ tr 2 (a^ n (3 n a 1 ™) = tr(a^ n f3 n a 1 ^) . Since Z <anyj3n> > 
A, there exists positive numbers < ci(A) < 02(A), 03(A) < 04(A), 05(A) < 

06(A) such that for large n, C\ < | ^— — | < c 2 , c 3 < |(a n + 6 n )/2c n | < c 4 
and C5 < I — I , I — I < Cq . In particular, for D n — > Theorem 12.11 implies 
|tr(/? n )| — > 00, and |tr(/3 n )| x |c n | for large n. Therefore the fixed points 
-2+ ,-(/?«) of (3 n must — ► {^, -^}. There exists c, c', iV > such that: 



y a n \2,k r , 



C„ AL™ fc " 



^/tr 2 (a*» / 9„a| l ») - 4 - A/tr 2 (a^/3 n a^" 



Of 1 \*"fi ™n 



< c 



tr 2 (a£™/3 n a 



< c 



|tr(/3 n )| 
lVtr 2 (a^ w c^) -4| 
|tr(/3„)| 



tr 2 (a^/3 n Q!^; 



v/l-4/tr 2 K^ n a^) 



- 1 



< 



|tr(/3 n )| 



for n > N . 



Since for sufficient large n there exists a,b > 0, e T/3n < a|tr(/3 n )| 2 and 

rp rp 

e """i 5 ""!." < 6| tr(an n Pn®n) | 2 , we therefore need min{c / ae~ T ' 3 ™ , c'&e "'"f 5 ""!." } 
< ^(|A„| 2 — 1). By |A n | 2 = e Tan , we require Tp n to satisfy 

max{7>„ , T a u n ^ } > 2 log [ 6 - ) . (1) 



- 1 



Hence it follows there exists p > such that if D n < p then, T^ n satisfies the 
above inequality. Therefore we have \zp n> + — — | < <5(|A„| 2 — 1) for D n < p. 
The proof for the other part is same. 

The case — \J It 2 (a^ 1 13 n a 1 ™) = tr (a^ n f3 n a l ") is similar with z a k nj3na i n + re- 
place with z k nfj i n _ and vice versa. □ 



Corollary 3.5. There exists constants 5, p > such that, if\ tr(a^"/9 n a^)| 
00 then, 



+ 



< 



P 



|tr(aJS"^ n aJ»)||tr(^ n )l 



for all D n < 5. The same conditions for dichotomy decomposition of the 
inequality as given in Remark VJ.'d 



Proof. Let us assume that y 'ti 2 '{a 1 ^ 1 /3 n a 1 ™) = tr '(a*" j3 n a 1 ™) . It follows from 
the proof of Corollary 13.41 



n X 2k n 



Z a* n f3 n c&,+ ~ ~ A 



< c 



< 



|y/tr 2 K"/3 w ^) -4| 

|tr(AOI 

P 

tx{a^l3 n ^)\\Xx^ n )\ 



v/l-4/tr 2 K"/5 n a^) 



The proof for the other part is same. 

The case —\/tr 2 (a^ n (3 n a 1 ^) = tr (a ^ n /3 n a 1 ™) is similar with 
place with Zh nn i n and vice versa. 



Z ofr-p n at,+ re 
□ 



Lemma 3.6. Let a n , f3 n as in Lemma 1TJ . Let k n ,l n be integers such that 
T an ,T an k n ,T an i n < M for all n. Then there exists a constant o~i, a 2 > such 
that, 



gi|tr(a^ ra a|r)| 



for all n sufficently large. 
Proof. Note that, 



l n x 2k. 



AZf£ n 
n - 



> 



a 2 \tr(a^(3 n a^)\ 
\tr((3 n )\ 



tr(a^/3 n o^) 



n ™>ri 



(2) 



(3) 



The last inequality follows from c\ < ^/tr(/? n ) — 4/2c n < c 2 (using the nota- 
tion as in the proof of Lemma 13.41) and T k n < M. Now the result follows 
from Corollary 13.41 □ 



Lemma 3.7. Let a n , j3 n as in Lemma \3.4\ Let k n ,l n be integers such that 
T an ,T an k n ,T an i n < M for all n. Then for at least one i £ {0, 1}, and any in- 
tegers k' n ,l' n with \{k n -k' n ) + {l n -l' n )\ = i, we have \z k > v n ~z k > i' n \ > 

D n \tr(p )\ > f or a ^ n su ffi cen tly large. 



9 



4 Sufficient Conditions 



Let (B, (lists) be the unit ball model of the hyperbolic 3— space. Let n : 
B — > M 3 be the sterographic hyperbolic isometry. 

Given a loxodromic element, a of PSL(2, C) acting on the unit ball B hy- 
perbolic 3-space, denote by S a)T and S a -i ir the isometric spheres of euclidean 
radius r of a. We set \n*( a ) as the mutiplier of 7t*(q;) in the upper space 
model H 3 . For R > 0, set Cr as the circle in C about origin of radius R. 

Proposition 4.1. Let a be a loxodromic element o/PSL(2, C) acting on B, 
with axis passing through the origin and fixed points on north and south poles. 
Then n(S a . r fl <9B), n(S a -i jr fl <9B) maps to C i , C\, a) . 

X tt* (a) 

Proof. Let T a be the translation length of a. The euclidean radius r is given 
by r^ 1 = sinh(-rr). In terms of X^( a ), 

2|A 7r ,( a )| 



V»(a) 

Set e = (0, 0, 1) as the north pole of <9B. Let 5 a , 5 a -i > denote the radius 
of n(S a:r fl <9B) and n(S a -i jr fl <9B) respectively. Then for x G S a>r fl <9B, 5 a 
is given by 

r = 4r ' 2 



a (l + r 2 )|:r-e| 
and l,-eP = 



IAtt,^)! 2 + i 

this implies <5 a = (A^q,)!. 
Similarly for x G S a -i >r fl <9B we have, 

4r 2 



and I re — e 



a + r 2 )|a;-e| 
4|A 7r „( Q )| 2 



which gives 5 a -i 



K t (a)\ 2 + 1 
1 



IA 



7r*(a) | 



□ 
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Lemma 4.2. Let < a n , (3 n > be generators for Schottky groups T n in upper 
space model H 3 with |tr(/3„)| — > oo and a n = ( A Q ™ A °i), |A n | > 1. Suppose 
either there exists A > 1, such that for large n, we have \X n \ < A and, 

• |A n ] _1 < \zp n j\ < \zp n:U \ < |A n |, and 



lim " nf 1(1^1 - |An|)|tr(/3 n )|' (\z M \ - |A n |-i)|tr(/3 n )| } °' 

or there exists k > and for large n, we have \X n \ > k and, 
• re -1 < \z M \ < \zp n:U \ < k, and 



then there exists a subsequence such that for i large, tt^ 1 < a ni ,(3 ni > it are 
classical generators for Y ni in the unit ball model B. 

Proof. Let us suppose there exists a subsequence < a ni , f3 ni > that satisfies 
the first set of conditions. First assume that for large i, \zp n . u —zp n . ( | > 5 > 0. 

Let Vi, pi denote the euclidean radius of the isometric spheres of -K~ x a ni -R 
and n~ l f3 ni n respectively. There exists 5\ > such that pi < 5±\ tr(/3 ni )| _1 . 
This implies for x { G C\ z ^ u \ and y, t G C| An .|, 

Pi V%o~i 



|vr 1 x l -ix l yi\ " I tr(/3„.)| j7r 1 x i -e\\>K x y { - e\\xi - y*| ' 
Since |A n J < A, there exists 5 2 > 0, such that 

lim — < lim 1 2 = 0. 

i In^Xi - n^yil i \ tr (p ni )\\xi - yi\ 

Similarly there exists 5 3 > 0, such that for Wi G C\ Z/3n t \ and Zi G C\\ n _\-i, 

lim : — — : — t < lim - — - ^f^ 3 r = 0. 

i \7\ Wi 7i z,i | i |tr(/3 n J|K-^| 
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Hence it follows that for large i, and Proposition I4.1[ the isometric spheres 

, S'ir- 1 an i 7r,ri)5 7r -lan < 1 7r,r < J ^^Pn^^V ^Tr" 1 /^ 1 ^ are disjoint. 

Next let us assume that \zp n , jU — z$ n ,j\ — > 0. Then for i large, there exists 
5 4 > such that pj < 5^\'K~ 1 zp n . )U — Tr -1 ^^!! tr(/3 n J| _1 . Hence we have 
Pi/\n~ 1 Z[3 n , >u — n~ 1 z l 3 n , t i\ — > 0, and similar to above estimates and Proposition 
El implies SV-i^.^, S^- la -i %jr ., Sn-ip^w S^p-i^ p . are disjoint. 

The second part of the proposition can be proved similarly. □ 

5 Schottky Subspaces 3&(r) 

For t > 0, define Zki^) '■= {T G 3fc|-Zr > r}. Recall that 3fc denotes set of 
all Schottky groups of rank k. 

Theorem 5.1. Let^2 be the set of all 2 -generated Schottky groups. For each 
t > there exists a v > such that {T e ObCOI-Dr < z/} C 3fc,o- 

Proof. We prove by contradiction. Assume there exists a sequence {T n } C 
0^2 (t) of nonclassical Schottky groups with L> n — > 0. By pass to subsequence, 
we may assume D n — > monotonically. Set T n =< a n , (3 n > with Z <an ^ n> > 
t. We arrange the generators so that |tr(a n )| < |tr(/3 n )|. There are two 
possibilites: (/) There exists a subsequence such that |tr(a nj )| — > oo, (II) 
| tr(a n )| < M, for some M > 0. 

Case (I) is trivial. Since both | tr(a n J|, | tr(/3 n J| — > oo as n — > oo, it 
follows from Z <an> p n> > r, there must exists iV such that < a n , fl n > becomes 
classical Schottky groups for n > N. A contradiction. 

Now we consider case (//). We work in upper space model H 3 . Conjugate 
< a n , P n > by Mobius transformation into a n = ( A ™ A °i ) with |A n | > 1. 

Denote (3 n = (^T^)- It follows from Proposition 13.11 |tr(/3 n )| — > oo. In 
addition, by conjugation with Mobius transformations, we can assume /3 n 
have T]/3 n = 1. By replace (3 n with if necessary, we can assume \Q n \ < \q n \. 

Since Z <an> p n> > r, there exists A 1 ,A 2 ,A 3 ,A 4 > such that, A 1 < 
\zp n ,i\ < \z(3 n , u \ < A 2 , and A 3 < \z M - z^ u \ < A 4 . It follows from Lemma 
O, Ai < |C„| < |?7n| < A 2 , and A 2 < hm n |£ n - r, n \ < A 3 . 

For each n, choose integers k n such that: 

1 < KnAM < |A=|. 

We consider the generating set < a n , a^ n /3 n >. 
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By pass to subsequence if necessary, there are three cases need to be 
considered (To simplify the notation, we denote subsequences by the same 
index notation): 

(A) KnAM^l, 

(B) ||C n AM-|A„| 2 |^0, 

(C) case (A),(B) do not occur, and |£ n A^ fe "|, converges in the annulus 
{z\l < \z\ < |A n | 2 }. 

5.1 Case (C) 

We use the same notation index for subsequences. Since cases (A), (B) do 
not occur, for large n there exists 1 < |A| < |A„|, a < 1, such that ICn^"! ~^ 
cr | A | 2 . Let ip n be Mobius transformation that fixes {0, oo} and definite by 

^( x ) = J§[x\> xeC - Then \%ofcM-i\ = vkl and \{*cfrM-i\ ~* V^|A|- It 
follows from Lemma 13. 2\ for n large, 

maX {l V^"/^- 1 ^ ~ V^ofrM-Ai \ Z ^cfr-(3 n i,-t,± ~ Qa^^-il) < 



tr(P n )\ 



Hence by applying Proposition ^. ll to the generators < ipanip -1 , ipa^ n finip' 1 >, 
implies | tr( , 0a^* l /? n '0~ 1 )| — > oo. We can easily verify that < ipa n ip~ l , ipa^ n Pnip^ 1 > 
satisfies second set of conditions of Lemma I4.2[ and so by Lemma I4.2[ these 
will be classical generators for large n, a contradiction. 

5.2 case (A) 

By pass to a subsequence if necessary, we have two possibilites: 

(Ax) |A„| 2 — 1 is monotonically decreasing to 0. 

(A 2 ) There exists A > 1, such that |A n | > |A| for large n. 

5.2.1 (Ai) 

Here we either have 

-l 

(i) limSUp ICcfrpJ-M Cajn^-l <0O 
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or 



{ii) liminf |Q n/ J-|A n | 2 C^^-l 



<x>. 



If an n Pn satisfies (ii), we conjugate a^Pn with Mobius transformation ip Ti 
definite by, ip n {x) = - c — . Consider (ip n a!^ Pna^^ip' 1 )^ 1 . Then 



lim sup 



IC/.-W"- 1 /?- 1 ^™,^, 



I A, 



< OO. 



The generator (t/) m «J",9 n aJ; +1 ^ 1 )" 1 satisfies (i). Hence replacing the gen- 
erators if necessary we can always assume the generators satisfies (i). And 
with out lost of generality we will assume that < a n ,a^ n P n > satisfies (i). 
Consider (i). 

In this case, we have either: 



(*i) hmsup iCaJn&J - I A 



Cy* n 



1 



> 5 > 0, 



or 



(i 2 ) lim sup |C, 



'Qn"/3n 1 



0. 



5.2.1.1 Consider (ix) 



Lemma 5.2. We have 
c > smc/j £/ia£ ; 



(|A n | 2 — 1), anc? t/iere exists 



dist(£ Qn ,/: a fc„ /3 J < clog( 



Proof. It follows from Lemma I3T21 and our assumption, we only need to show 
that rj^Tg jttW ^ 0- This can be seen from Proposition 13. 1\ 



lim 



tr(/3 n )|(|A n | 2 -l) 





A n 


2£> n _ 


1 


(|An 


2£>„ 


+ 3)(|A n 


2 _ \\2D n 



< lim p 



< limp'(|A n | 2 - 1)^^ =0 . 



i 

2D U 



□ 
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(|Anl 


2D„ 


+ 3)(|A n | 


2 _ i^2D n 




A n 


2D n _ 


1 







2D n _ 


1 


(|An| 


2D n 


+ 3)(|A n | 


2 _ ^4D„ 



Lemma 5.3. ^ 

^ItrK^KIAnl 2 -!) = ° 

Proof. It follows from Proposition 13.11 and Lemma I5.2[ there exists p > 
such that, 

|trK«A0| >p 
hence we have, 

1 / I \ |2-Dn _ 1 \ 275^ 

hm t — — ; — - . , ., - — < lim p 

|tr(a^/? n )l(|A„| 2 -l) " 

< limp'(|A„| 2 - 1)^T = o. 

□ 

Hence there exists Mobius transformations ip n (x) = e n (x) such that the 
generators, < ^ n a n ^)~ x ,ijj n a!^ Pn^n 1 > satisfies conditions of Lemma H~2l 

5.2.1.2 Consider (i 2 ). 

There exists |/O rt *n-i fl I — > 1 such that Cfc™- 1 ^ Pa^-ig^ = W„k n -i R = 1. 
If limsup n IPq,*"- 1 ^ — 1 1 > , then (with the same index notation for subse- 
quence there exists a subsequence) such that 

liminf - V^u-^m \ > 0. 

This implies by Lemma [3.21 liminf n \z kn-ia ,— z k n -i a _| > 0. Hence by 



Proposition I3.1[ there exists p > 0, such that for large n, 

\tr(a k n »- l p n )\>p 
In particular, we have | tr(a^ n_1 /? n )| — > oo. Since 

lim "" =0, 

n |A n |^ — 1 

and | tr(a^"~ 1 /9 n )(|A ri | 2 — 1)| — > oo, it follows that for large n, 



\\ \2D n 


+ 3 


IA \ 2D " 


- 1 
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|A n | < |Qn-^J < K^-ipJ < \K\, and 
lim r 



0. 



Hence by Lemma [3.21 < a n ,a^ n l f3 n > satisfies Lemma H~2 
Consider the case that, Ok n -\ R — > 1. 

Let ip n be the Mobius transformations given by, 

where A n = ^ . Let (fi n be the Mobius transfer- 

2* km — 1 o ^ fcr, — 1 , Z ^ -1 

mations defined by, (j) n {x) = r?" 1 k i_x. Then after some computation 



A 



1 ^^^rt - I/O ^ ^/-v^n — 1/3 Z k n — l ^ | 



c 



</'nV'naS n /3nl/'n 1 </ , n 1 



is given by, 



1 Z aS B - 1 ft,,+ 



Lemma 5.4. We claim that |C, 

c 



1. More precisely, 



1 



|tr(/? n )(|A n | 2 -l)| 



Proof. It follows from Lemma [3721 and our assumption, the first factor of the 
above equation for £, , Q fc n ^ ^-i^-i certainly holds for the lemma. Hence its 
sufficent to show that the second factor also satisfies the bounds. 
After computation the upper bound is given by, 



lim 







< lim - 


IC a ^ n -^n-^ n ,+l + |tr(/3 n )| 1 




— Z kn-lg _ 


Ka^-^n-^-l-ltrC^)!- 1 



< lim 



^^ + |tr(/3 n )(|A n i 2 -l)|- 1 



|A„| 2 -1 

< 1 + 5 lim 



|tr(/?„)(|A n | 2 -l)|' 



5 > 0. 
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Similarly we also have lower bound given by 1 — S'\ tr(/3 ri )(|A n | 2 — 1)| 1 for 
large n. Hence the lemma follows. 

□ 

In the following we set, a n = ^nipna^' 1 f5 n ip~ l (j)~ l and/5 n = 4> n ip n a^ n (3 n ip~ 1 (f>~ 1 . 
Let A n , denote the mutipliers of a n . There are two cases we need to consider 
on A n , either limsup |A n | > 1, or |A n | — > 1. 

5.2.1.2a limsup |A n | > 1. 

Let < a nv (3 n% > be a subsequence such that linij |A n J > 1. By Lemma E3J 
\C/3 n . ~ Vp n . I — > and rj^ = 1, it follows from Lemma [3 .2\ z^ n + , z^ n _ — > 1. 

Since | tr(/? n J| — > oo, so its easy to check that < a ni) (3 ni > satisfies conditions 
of Lemma 14. 2\ hence by this Lemma, we have classical generators in B for 
large i. 

5.2.1.2b |A n | — > 1, and we proceed with estimate of lower bounds of |A n |. 
Lemma 5.5. Let \ n be the mutiplier o/a^™ _1 /3 n with \X n \ — > 1. Then there 
exists N ', a > such that, \X n \ 2 - 1 > a\ tr(/3 n )(|A n | 2 - 1)|~ 4D '\ for n > Af. 

Proof. Use matrix representation we can write, (3 n = ( f ^ ) . It follows 
from Lemma I5T41 and |tr(/3 n )| x | tr(/3 n )(|A n | 2 — 1)| that, 

l^ ni +-^ n ,-l - \Cj3 n -VpJ ~ |tr(/3 n )(|A n | 2 - l))- 1 . 

Since \z^ + -Za_\ x | tr(/3 n )(|A n | 2 -l)| |d n | _1 , we have \d n \ x | tr(/? n )(|A n | 2 - 
1)| 2 - 

For large n, let m n > be integers defined as, 

1 + —^—r < |A„| < 1 + — . 
m n + 1 m n 

From this definition we have, lim n |A n | mn = lim n (l + m™ 1 )™™ = e. Then by 
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Lemma I5.4[ there exists N, 5 > such that for n > N we have, 



< 



icdiA»r-+i 



< 6{e + l) 



and, 



1 



> S(e-1). 

Hence it follows from Lemma [3.21 there exists k > such that, 



K 1 < \ Z a^p n ,+ 



— Z-mn 2 _ < K. 



Since, 



x |tr(g^ n )| 
|tr(^ n )| 2 ' 

this implies that | tr(a™ n /3 n )| x | tr(/3 n )| 2 . 

By Corollary 12.21 and above bounds on \z & mng n + — z & m n s n _|, there exists 
R > 0,<j n > with R^ 1 < <j n < R, such that for large n, the translation 
length T &n of a n satisfies, 



2k > — lo 



<J n e <»n™5n + 3 



7~) ° I D n T~m n x i 



This implies that for large n there exists e n — > 1 such that, 



|2D„ 



> 





tr 2D "(a™"/3 n ) 


+ 3 




tr 2Z3 "(a™"/3 n ) 


- 1 



Hence there exists M, p > such that for n > M, we have 
p\ tr(<S™ n /3 n )|~ 2Dn , and the lemma follows. 



IAJ 2D " - 1 



> 
□ 
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By Lemma I5"31 and |tr(/? n )| x | tr(/3 n )|(|A n | 2 — 1) we have, 

li m = L < limp(|tr(/5 n )|(|A n | 2 -l)) 4Dn_1 

|tr(/? n )|(|A n | 2 -l) " ^' wm n 

//,, ,9 , (l-2D n )(l-40 n ) 
< p'(|A„| 2 -l) ~n =0. 

Hence we can find Mobius transformations (p n {%) = ^ n x such that generators 
cp n < a n , (3 n > ip~ Y satisfies conditions of Lemma l4~2l 

5.2.2 (A 2 ) 

We can reduce this case to (Ax), and use similar methods to construct clas- 
sical generators. 



5.3 Case (B) 

Set Mobius transformations tj) n (x) = CnA 2fcn ~ 2 x and consider the generators 
ip n < «n,« fen_1 /3n > instead we reduce this case to case (A). Hence we 
have completed our proof. □ 



6 r with small Dy is either classical or exis- 
tence of universal lower bound on Zy 

Lemma 6.1. There exists c > such that: Let T n be a sequence of Schottky 
groups with D n — > 0. Then for sufficiently large n, either there exists a sub- 
sequence T ni that are classical Schottky groups, or there exists a subsequence 
Y nj with generating set < a nj , (5 n . > such that Z <(Xn . $ n . > > c. 

Proof. We prove by contradiction. Suppose there exists T n a sequence of 
Schottky groups such that for every generating set < a n , (3 n > of T n we have 

Z <an ,/3 n > — » 0. 

For each n, by replacing < a n , (3 n > with < a n ,a™ n /? n > for sufficiently 
large m n if necessary, we can always assume that every T n is generated by 
generators with |tr(a n )| < |tr(/3 n )| and |tr(/3 n )| > 

We take the upper sapce model HI 3 . By conjugating with Mobeius trans- 
formations, we can assume that a n have fixed points 0, oo with mutiplier A n , 
and j3 n with z^ u = 1. Recall that, as before we denote the two fixed points 
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of (3 n by z M ,Z/3 n}U , with \z M \ < \z Pn>u \. When we write (3 n in matrix form, 
we assume that \a n \ < \d n \, otherwise we replace f3 n with (3~ x . 

By assumption, we have two cases: either case (A) zp ni i — > 1 or case (B) 
z /3 n ,i 0. First we consider the case (A). 



6.1 Case (A) 

There are two possibilities, (Ax) liminf n |A n | = 1 or (A 2 ) there exists A > 1 
such that I A n I > A. 



6.1.1 (A 2 ) 

Since |tr(/5 n )| — > oo, and \zp n - — Zp n>+ \ — > 0, there exists Mobius trans- 
formations ip n such that, for large n, ipnPnipn 1 have fixed points within 
{z\x < \z\ < A}. Therefore, for sufficiently large n, ip n < a n , (3 n > ip' 1 
satisfies Lemma [4.21 hence a contradiction. 



6.1.2 {A x ) 

Take subsequence if necessary, we may assume that | A n | is strictly decreasing 
to 1. For large enough n, we choose a sequence of positive integers m n 
depends on n such that 1 + — 1 +1 < | A n | < 1 + ^- . Let us set ( n = ^ , rj n = 



It follows from Lemma [3. 2 \ 



I A 



at,, 



l /3„,± — U^n | ^ P i TZTa \ I — 



tr(/3 n )| - r |tr(/3n)| 

for large n. Also by Lemma [3T2l and the assumption that Zp n> i — > 2/3„,« = 1, 
we have both Cnj^n — * 1- Hence 

I*<c*a>,± - aM + -iho- 

Since by our choice of m n , we have |A 2m ™| — > e 2 . It follows that |£ a ™™/3 n) ±| — > 
e 2 , and l^y^^ T | — » 1- Therefore, there exists c > such that Z <0Ln)0 ™np n> > 
c for sufficiently large n. 



6.2 Case (B) 

Here we have either: (Bi) liminf n |A n | < A for some A > 1, or (B 2 ) 
liminf n |A n | — > oo. We also assume that \( n \ < \r) n \ as before. 
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6.2.1 (B 1 ) 

Take subsequence if necessary, we may assume that |A n | < A for large n. 
Choose positive integers k n , such that 1 < \Cn^ n \ < |A^|. It follows from 
Lemma l3~2l for e > 0, there is n > N f such that 1 — e < \z k na , I, \z k na I < 
A + e. There are two possibilities: (B\) liminf \z k nR , — z h na I — > 0, or 

( 5 l) liminf «l^/3„,+ - *o5"/W-l > - FOT We haVe Z <a„,^"/3„> > C ' 

for some c > and large n. 

Suppose (-Bi). By passing to subsequence if necessary, we take \z a k nj3n + — 
Zk nr , I — > 0. If IAJ decreases to 1, then we choose positive integers m n as 
definied in case (^4i). It follows as previous argument, | I — > e and 

I — > 1. Hence there exists c > 0, such that Z. n fcn+m > c 

for large n. 



6.2.2 (B 2 ) 

By taking a subsequence of a n , we may assume that |A n | is strictly increasing. 
Choose a sequence of largest integers k n > 0, such that |CnAf n | < 1. If 
limsup ICnA^™! = 1 but limsupCnA^" ^ 1, then there is a subsequence 

k 

< a n . , a n / n . > of < a n ,a^ n /3 n >, such that liminf 7 Z k n > 0. 

J ' <a„ i ,a„. , /3„ i > 

If limsup (^A 2 ^™ = 1, then let < a ni , a^™*/^ > be the subsequence of 

< a ni a^(3 n > that is lim; CnA^™* = 1. 

k 

If limsup | tr(a„" l /3 n J| = oo, then by pass down to subsequence if neces- 

k 

sary, for large i, /3 ni will have disjoint isometric circles. Since | tr(/3 n J| — > 

00, and zp n . )U = 1 so |^ n ., + - zp n .-\ < 1, by Lemma [321 lim^ min{|^ ni - 
2/3„.,-|, \r] ni — zp n . t +\} — > 0. Hence there exists a/t >fl such that for large i 
we have, k^ 1 < \z k n . I < \z k n4 I < n. And since |A n .| — > oo, we can 

kn — 1 

choose Mobius transformations ipi such that if>i < a Ui , f3 ni > satisfies 
Lemma 14.21 

k 

If limsup | tr(a n T PnJl < oo, then let 4>i be Mobeius transformations such 

k n — 1 

that 4>iOtni flm&i have fixed points 0, oo, and fixed point z, ,-i of a ni is 

1. Then it follows that ^ iQln ^-i^ — * 1- Since | tr(0 i a n! 07 1 )l ~~ > °°; hence we 
have reduced this case to case (A), which we already considered. 

If limsup |CnA^ fcn | < 1, then we have two possibilities: (B' 2 ) liminf |CnA 2fcn+2 | 
1, or (^') liminf |C n A^" +2 | > 1. 

k i 

Consider case (B' 2 ). Let < a no a n T P Ul > be a subsequence of < a n , a^Pn > 
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such that linij ICn^n™ 1 [ — > 1. If supj | tr(a n " i /3 ri J| < oo, then we conjugate 
§ia. ni (\)~ x , Pm&T to &i, Pi respectively with dj have fixed points 0, oo 
and fa have z* u = l. Since sup^ |Aj| < oo, it follows that < a i; fa >, falls un- 

k 

der one of case (A) or case (Bi). On the other hand, if sup^ | tr(a n " 1 Pm)\ = oo, 
then for large i these will have disjoint isometric circles with radius decreas- 
ing to 0. And since the distance between the centers of these isometric circles 
is decreasing to 0, and also infj |A n J 2 > c > 1, we can choose Mobius maps 

k i 

{ipi} that fixes 0, oo, so that for large enought i, ipia^ P ni ip~ will satisfies 
Lemma 14.21 

Case (B'2). First we definite a new sequence of < a n , Pn > as follows: 
Consider < a n ,a^ n P n >. If |tr(a^ n /? n )| > |tr(a n )|, then set a n = a n , /3 n = 
P n . Otherwise, let 0„ be the Mobius map so that (j)nO^ Pn&n 1 have fixed 
points 0, 00, and 4) n a n <p- 1 have z^^-i^ = 1. Set a nA = <p n a k n " p n <p~ l , p nA = 
(pnancf)' 1 . We define integer k Ui i with respect to < a n ,i,Ai,i > the same way 
as we definted k n before. 

Now if I tr(a n Y/3 n) i)| > |tr(a n> i)| then we set $ n = /3 n ,i and a n = a n ,i. 
Otherwise, we repeat this construction to get a sequence < a n ,m,/3n,m >• 
Then there exists a m n , such that either | tr (a n "mn Pn,m n )\ > I tr(a n>mn )| — -, 
or I tr(a n , m J| < ~. We define a n = a n , mn ,/3 n = /3 n , m „. 

Now consider < a n ,(3 n >. If liminf n | tr(a n )| < 00, we choose a subse- 
quence with I tr(a n .)| < c for all large i and some c > 0. Let be a se- 
quence of least positive integers such that | tv(a%.p ni )\ > We conjugate 

^nfin, by ipi that fixes 0, 00 and z^n^-i >u = 1. Set a< = ipi&n^ 1 , fa = 

ipiCe^.p^-ip' 1 . By construction, < ai,fa > satisfies either case (A) or case 
(Bi). In either case, we are done. 

On the other hand, suppose lim inf n | tr(o; n )| = 00. If lim inf „ | tr(/3 ra )| < 
00, then let n be Mobius maps such that (f) n p n 4>~ 1 have fixed points 0, 00 and 
z <f> n a n <f>-\u = !■ Tnen < (pnPn^n 1 AnOin^n 1 > satisfies either case (A) or (Bi), 
hence we are done. If lim inf n | tr(/3„) | = 00, its sufficient to assume that 
< a n , Pn > satisfies case (B^), otherwise we are done. We define k n = fc n>m „. 

First we claim that 



lim inf 



ICnX>| 






A n 


-2 




A 


n 


-1 
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Otherwise, there exists a > 0, and a subsequence such that 



lim = — < a. 

Set z/i = a n ?(3n,,Hi = &n v Since |tr(/3 n )| > | tr(a n ) and \Zp n _ - z- p ^ + \ < 1, 
it follows from Lemma [3.21 and linij i-Sife^ > e for e > 0, we have \rj v . — 1| < 

<5|A n J -2 , for some 5 > 0. Hence — A~ 2 | < 8\\~f\, for large i. Let 0j 

/ ~ ~ 2k n 

be Mobius transformations define by 4>i(x) = y £ nj A ni for x G C. Set 
^ = (pi^i 1 ,^ = faVi&i 1 "• Then for large i, 

I I 1 5 



o-l A n . | 1 + 1 cr|A n J 3 + |A n . 



Since ICn^n***! > |A n J 2 , we also have 



A, 



Hence, - C^wJ < 1 + e| \ for large % and e > 0. Note that, 

Cuitmt = 1- ^ hminfj | tr(z/j j 0. / Uj j9i )| = oo, then the radius of isometric cir- 
cles ^u l4lf i l4 , of Vi^/jLirf well decrease to 0. Since linij |A n J = oo, we can 
choose Mobius transformations ipi such that ipiUi^pii^ip^ 1 will have fixed 
points within the annulus {z G C|k _1 < \z\ < k}, for some k > 0. Hence 
■0« < A*i,<^ 5 Vi^Hi^ > ip^ 1 satisfies Lemma l4~2l for large i. 

On the other hand, If liminfj | trfVj^/i^)! < oo, then choose Mobius 
transformations ipi such that, Vw^t^r have fixed points 0, oo and , u = 
1. Then 4>i < z^/ij^, /i^ > c^" 1 satisfies either case (A) or case (-Bi), hence 
we are done. This completes our proofs of the claim. 

By our claim, there exists < p n — ► oo, such that |CnA 2fe ™| — |A n |~ 2 > 
Pn|An| _1 . From the construction of a n and j3 n , it follows that |tr(a^ n /3 n )| > 
c| tr(<5 n )|, for c > and all large n. Hence there exists n > 0, | tr(<3^"/3 n )| -1 < 
kIA^I" 1 . Therefore, |CnA 2fcn | - |A n |~ 2 > Pn^l t^a*"^)! -1 . Let x« be Mo- 
bius transformations defined by Xn{z) = |A n |z. Then it follows from these 
estimates that for large n, \n < &n, o^Pn > Xn 1 have fixed points within 
the annulus {z G C||A„| _1 < \z\ < |A n |} and satisfies Lemma [4.21 and this 
complete our proof. □ 
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7 Proof of Main Theorem 



Theorem 7.1. There exists e > such that every 2-generated Schottky group 
T with D-p < e is a classical Schottky group. 

Proof. This follows from Theorem 15.11 and Lemma 16.11 □ 

Proof of Theorem Let V be a nonelementary finitely generated Kleinian 
group. Selberg lemma implies T' contains a torsion-free subgroup T" of finite 
index, inparticular Dp* = ®r"- Note that if T" is geometrically infinite with 
Qr" 7^ then Dr" = 2, this implies ®r" = 2 for geometrically infinite groups. 
So we can assume T" is geometrically finite. If T" contains parabolic of rank 
Zr" then Dr" > /r"/2. Hence, for sufficiently small Hausdroff dimension -Dr", 
we can assume T" is convex-co compact of second kind. 

It follows from Ahlfors finiteness theorem, that f2r" /T" consists of finite 
number of compact Riemann surfaces. Let S be a conponent of Q-pn/T". 
If 5* is imcompressible then vr 1 (S') is a surface subgroup of T". Since 1 = 
D-k^s) < D-p", if -Dr" is small, we may assume S is compressible. Then we can 
decompose T" along the compression disk. After repeating the decompsition 
process finitely many times we are left with topological balls, i.e. H 3 /r" is a 
handle body. This implies T" is a finitely generated free purely loxodromic 
Kleinian group of second kind, i.e. T" is a Schottky group. 

By assuming the limit set have sufficiently small Hausdorff dimension we 
have reduced the general case to the case of Schottky groups. Now it follows 
from Marden's rigidity theorem, all Schottky groups of the same rank are 
quasiconformally equivalent. Therefore we have from Theorem I7.1[ there 
exists A > such that all nonelementary finitely generated Kleinian T' with 
Q-pi < A contains a classical Schottky group of finite index. It follows that 
we have a strict lower bound on the Hausdorff dimension of all non-classical 
Schottky group. □ 
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